Abstract. In this paper, we show that for p 4 if C is a clique decomposition obtained by removing maximal cliques(ie. their edges) of order at least p one by one until none remain, in which case the remaining edges are removed one by one, then the sum of the orders of the cliques in C is at most 2t p?1 (n): Here t p?1 (n) denotes the number of edges in the Tur an graph of order n which has no cliques of order p:
Introduction
All graphs in this paper will be assumed to be simple; that is, without loops or multiple edges. For a graph G, we let V (G) denote its vertex set and E(G) denote its edge set. The cardinalities of V (G) and E(G) will be denoted by n(G) and m(G), respectively. By a clique we shall mean a complete subgraph and by a clique decomposition, we shall mean a collection of cliques which partition the edge set of the graph. A greedy clique decomposition of a graph is a pair (C; ) consisting of a clique decomposition C and a total ordering on C where C is obtained by removing maximal cliques one by one(ie. their edges) until the graph is empty. The order corresponds to the order in which the cliques of C were removed; that is, C D means that C was removed before D:
Extending this de nition further, for a positive integer p 3 we de ne a greedy p-decomposition to be a pair (C; ) where C is a clique decomposition obtained by removing maximal cliques of order at least p one by one until none remain, in which case we remove the remaining edges one by one. is a total ordering on C corresponding to the order in which the cliques were removed. It is easily seen that for every greedy clique decomposition (C; ) there is a greedy 3-decomposition (C; 0 ): Normally, we shall only refer to C as a greedy p-decomposition meaning that for some , (C; ) is a greedy p-decomposition.
We shall denote the clique of order r by K r , and the complete r-partite graph with parts of size n 1 ; n 2 ; : : : ; n r by K n 1 ;n 2 ;:::;n r . We shall say a graph is K r -free if it does not contain K r as a subgraph. It was shown by Tur an 11] that the maximum number of edges in a K r+1 -free graph of order n is attained by exactly one graph the so-called Tur an graph T r (n) on r parts where T r (n) = K b n r c;b n+1 r c;:::;b n+r?1 r c :
For n > 1 and r n; we let t r (n) = m(T r (n)) which are known as the Tur an numbers. Graphs with more than t r (n) edges (and order n) are known to have subgraphs which can be found via greedy methods. For example, Bondy 2] showed that by choosing in a greedy manner, that any graph G of order n having more than t r (n) edges has a vertex whose neighbours induce a subgraph H with m(H) > t r?1 (n(H)): Recently, Faudree 5] has shown that for any graph G as above with n su ciently large, a greedy algorithm can be used to nd a K r in G whose average vertex degree is at least 2m(G : : : we let C i be the set of cliques of C of order i: For all v 2 V (G) and for all e 2 E(G) we let C v and C e be the sets of cliques of C containing v and containing an endvertex of e, respectively. For i = 2; 3; 4; : : : and for all v 2 V (G) and e 2 E(G) we let C i v = C v \ C i : We let G C 2 ] be the subgraph of G induced by the edges of the K 2 's of C 2 . G:
We shall often denote an edge e by xy where x and y are its endpoints and we shall often view e interchangably as both an edge and a K 2 .
For two graphs H and G, the sum of H and G denoted H + G is the graph with vertex set V (H) V (G) and edge set E(H) E(G) fuv :
For a clique X of G, and a clique decomposition C of G, we let X = fy 2 V (G) : xy 2 C 2 8x 2 V (X)g; and X = j X j:
We note that when X is a single vertex, X is just the set of neighbours of X in G C 2 ] and X = jC 2 X j: For e 2 E(G); we let e = X where X is the K 2 induced by e:
Preliminary Results
The proof of Theorem 1.1 rests on the fact that for p 4 and greedy p-decomposition C, the subgraph G C 2 ] is fairly rich with edges. We rst introduce some basic counting lemmas which exploit this fact. Let G be a graph and let (C; ) be a greedy p-decomposition of G: For each edge e of G we de ne a function from C e to the set of all subsets of V (G), including the empty set. Let e 2 E(G) and suppose C e is the clique of C covering e: We let (C e ) = V (C e ) and for all X 2 C e ? fC e g we set (X) be the set of vertices of V (X) which either belong to no other cliques of C e ? fXg; or which belong to some clique D 2 C e ? fX; C e g for which D X: The following lemma is a slightly modi ed version of that appearing in 9]. That is, e (r + 1):
In the following lemmas, we shall assume that G is a graph with n = n(G), where for some nonnegative integer k and 0 l < p ? 1 Proof of Theorem 1.1 By induction on the order of G: Let C be a greedy p-decomposition of G where p 4: We shall assume as before that n(G) = n; and that the theorem holds for all graphs having fewer than n vertices. We shall also assume that n > 6 and it is left to the reader to verify the theorem for n 6 We say that L 2 N is maximum if
If a maximum collection L 2 N has no positive cliques, then (3.1) implies that all vertices must be covered by L and hence we have our desired partition. We shall therefore assume that all maximum collections in N contain exactly one positive clique. Among all maximum collections, let M be a collection whose positive clique has maximum order. Let Q be the positive clique in M, and let W be the set of vertices covered by the members of M. We rst note that Q ? W = ;; for otherwise Q could be enlargened contradicting the choice of M. We also note that since Q is positive, Lemma 2. By the choice of M, equality must hold in the above, and thus M 0 is also maximum and has exactly one positive clique which must be Q 0 :
Since n(Q 0 ) > n(Q); this contradicts the choice of M which was chosen so that its positive clique had maximum order. This contradicts the choice of M:
We conclude from cases one and two that n(Q) = Since jC 2 Q j = j Q j = j Q \ Wj; (3.4) implies that for some Y 2 M; 
